Part IV examines frequency-domain photon diffusion in a homogeneous medium enclosed by a "concave" circular cylindrical applicator or enclosing a "convex" circular cylindrical applicator, both geometries being infinite in the longitudinal dimension. The aim is to assess by analogical and finite-element methods the changes of AC amplitude, modulation depth, and phase with respect to the line-of-sight source-detector distance for a source and a detector located along the azimuthal or longitudinal direction on the concave or convex medium-applicator interface. By comparing to their counterparts along a straight line on a semi-infinite medium-applicator interface, for the same line-of-sight source-detector distance, it is found that: (1) the decay-rate of AC photon fluence is smaller along the azimuthal direction and greater along the longitudinal direction on the concave interface, (2) the decay-rate of AC photon fluence is greater along the azimuthal direction and smaller along the longitudinal direction on the convex interface, (3) the modulation depth along both azimuthal and longitudinal directions decays more slowly on the concave interface and faster on the convex interface, and (4) the phase along both azimuthal and longitudinal directions increases more slowly on the concave interface and faster on the convex interface.
INTRODUCTION
Modeling optical imaging of biological tissue located centimeters deep involves diffusion approximation to the radiative transport [1] . Although the semi-infinite geometry specific to placing the optodes on a planar medium-applicator interface is most widely studied, other geometries with the optodes on curved medium-applicator interface could be more relevant to imaging applications [2] . A "concave" geometry may resemble probing the diffusive medium at the "recessing" side of the cylindrical applicator, and a "convex" imaging geometry may represent probing the diffusive medium at the "bulging" side of the cylindrical applicator [3] . For the semi-infinite geometry with a homogeneous medium, the analytic solution to the photon diffusion is well studied [4] and has been applied widely to analyzing raw data measured from surface tissue applicators and for image reconstruction. For "concave" medium-applicator geometry there is a noticeable amount of studies of diffuse photon propagation within the geometry. Arguably all these approaches were based on the same methodology, i.e., the analytical Green's function is derived in the form of a sum of two terms that contain the analytical solution in the infinite medium plus a particular solution, specifically the one corresponding to an "image" source, allowing the global solution to satisfy the boundary condition. In terms of frequency-domain (FD) modeling, Arridge et al. [5] applied zero fluence boundary condition to derive the solutions for finite-length and infinite-length "concave" cylinder geometries, using Green's functions as well as their Laplace transforms similar to those demonstrated by Carslaw and Jaeger on heat conduction [6] . Pogue and Patterson [7] used the extrapolated boundary condition, which is considered more accurate than zero-boundary condition for tissueapplicator interface [8, 9] , to derive the solutions for a finitelength "concave" cylinder geometry. Da Silva et al. [10] also employed extrapolated boundary condition to study photon diffusion in finite-length "concave" cylindrical geometries. Recently, Liemert and Kienle [11, 12] employed finite Hankel and cosine transforms to reach a solution of FD photon diffusion in the medium bounded by single or multilayered infinitely long "concave" cylinder. However, there is a lack of understanding regarding FD photon diffusion associated with "convex" medium-applicator geometry.
In the Part I study [13] , we developed a theoretical framework to unify the treatment of continuous-wave (CW) photon remission on the medium-applicator interface of both "concave" and "convex" geometries with infinite longitudinal dimension. Solutions to the CW photon diffusion in the two geometries were derived based on the extrapolated boundary condition and expressed in terms of the first and second kinds of the modified Bessel functions. In the Part II study [14] , the validity of the analytic treatment of Part I [13] in the diffusion regime was examined by means including finite-element method (FEM), Monte Carlo modeling, and experiments. It was found that in both "concave" and "convex" geometries the changes of CW photon fluence along the azimuthal and longitudinal directions showed opposite trends, in terms of the decay rate versus the line-of-sight source-detector distance with respect to that along a straight line on a semiinfinite medium-applicator interface for the same line-of-sight source-detector distance. It was predicted [14] and subsequently outlined in [15] and detailed in Part III [16] that there was a unique set of spiral paths on the medium-applicator interface in both concave and convex geometries of infinite longitudinal dimension, along which the decay-rate of CW photon fluence could be identical to that along a straight line on the semi-infinite medium-applicator interface, given the same line-of-sight source-detector distance and the same set of optical properties.
In this Part IV study, the methodology introduced in Part I for analysis of CW photon diffusion is extended to formulate a unified analysis of FD photon diffusion in both concave and convex geometries of infinite longitudinal dimension. Section 2 reviews the FD photon diffusion for infinite and semi-infinite geometries expressed in both spherical and cylindrical coordinates. Section 3 develops the cylindricalcoordinate solutions to FD photon diffusion in both "concave" and "convex" geometries, respectively. Section 4 generalizes the characteristics of FD photon diffusion along the azimuthal and longitudinal directions in concave and convex geometries, by assuming a large radius of the cylinder geometry that renders analytical approximations to be made. Section 5 presents numerical evaluations of FD photon fluence along the azimuthal and longitudinal directions with respect to the source-detector distance for concave and convex geometries of practical centimeter-order radius, based on FEM and analytical results. We demonstrate that the aforementioned spiral paths exist for the amplitude of AC fluence rate as well; however, they do not coincide with those for DC fluence rate. As long as the modulation depth and phase are concerned, no such spiral paths can be inferred.
FD ANALYSIS FOR INFINITE AND SEMI-INFINITE GEOMETRIES-RECOUNTING
We consider a scattering dominant medium with a diffusion coefficient D 3μ a μ 0 s −1 , where μ a is the absorption coefficient and μ 0 s is the reduced scattering coefficient. The locations of a detector ⃗ r and a source ⃗ r 0 are represented in cylindrical coordinates by ρ; φ; z and ρ 0 ; φ 0 ; z 0 , respectively, for all medium geometries investigated in this study. A medium of infinite geometry is illustrated in Fig. 1(A) , wherein the source is regarded as isotropic. A medium of semi-infinite geometry with the source and the detector located on the medium boundary is depicted in Fig. 1(B) for the coordinate origin located at the medium side or in Fig. 1(C) for the coordinate origin located at the opposite to the medium side. In the semiinfinite geometry, the source ⃗ r 0 ρ 0 ; φ 0 ; z 0 launches photon into the medium at an initial direction orthogonal to the mediumapplicator interface and is represented by an equivalent "real" isotropic source at ⃗ r 0 real ρ − R a ; φ; z 0 in Fig. 1 (B) or ⃗ r 0 real ρ R a ; φ; z 0 in Fig. 1(C) , where R a 1∕μ 0 s is the step size of transport scattering. The effect of medium-applicator interface on photon diffusion may be modeled by setting zero the photon fluence rate on an extrapolated boundary located R b 2AD away from the physical boundary, where A 1 R eff ∕ 1 − R eff , and R eff is a coefficient [8, 9] determined by the refractive index differences across the physical boundary. This boundary condition is accommodated by setting a negative "image" source of the "real" isotropic source, with respect to the extrapolated boundary, at ⃗ r 0 imag ρ R a 2R b ; φ; z 0 in Fig. 1(B) or ⃗ r 0 imag ρ − R a − 2R b ; φ; z 0 in Fig. 1(C) . The distances from the detector to the "real" isotropic source ⃗ r 0 real and the "image" source ⃗ r 0 imag are denoted by l r and l i , respectively. The notations of l r and l i also apply to other studied medium geometries involving a boundary. In all studied geometries, the straight distance between the source and the detector, i.e., d j⃗ r − ⃗ r 0 j, is referred to as the "line-of-sight" source-detector Illustrations of a medium of infinite geometry in (A) and a medium of semi-infinite geometry in (B) and (C). In the semi-infinite geometry the source and detector are positioned on the physical boundary of the medium, and it becomes convenient to assign the same radial and azimuthal coordinates to the source and detector. distance, with respect to which the changing characteristics of photo fluence rate Ψ are to be evaluated among different geometries. Hereafter the "source-detector distance" stands for line-of-sight source-detector distance.
A FD source at ⃗ r 0 is expressed as S⃗ r 0 ; t S⃗ r 0 S⃗ r 0 expiωt, where the overhead notations "−" and "∼" represent DC and AC components, respectively, and ω is the angular frequency. Then the FD photon fluence rate at ⃗ r is expressed by Ψ⃗ r; t Ψ⃗ r Ψ⃗ r expiωt. For a homogeneous medium, we have the following photon diffusion equations [1, 2, [4] [5] [6] [7] [8] [9] :
(2.0.1) wherek 0 andk 0 are the effective attenuation coefficients of the medium to the DC and AC components, respectively, of photon fluence rate as
with c being the speed of light in the medium, and
A. Solutions in Spherical Coordinates to FD Photon Diffusion
Source and Detector in an Infinite Medium Geometry
For a source and a detector in a homogeneous medium of infinite geometry, the solutions to Eqs. (2.0.1) in sphericalcoordinates are well-known to bē
2. Source and Detector on a Semi-Infinite Medium-Applicator Interface For a source and a detector located on a semi-infinite boundary to a homogeneous medium, the solutions to Eqs. (2.0.1) in spherical coordinates may be derived based on the aforementioned extrapolated boundary condition asΨ
where we have
as shown in Figs. 1 
B. Solutions in Cylindrical Coordinates to FD Photon Diffusion
The cylindrical-coordinate solution to the DC photon fluence rate associated with a source-detector pair in a homogeneous medium of infinite geometry has been solved in Part I [13] as follows:
where I m and K m are the modified Bessel functions of the first and the second kinds, respectively,
and ρ < and ρ > indicate the smaller and larger radial coordinates of the source and the detector, respectively. Note that the format ofΨ inf ⃗ r; ⃗ r 0 in Eq. (2.2.1.DC) is slightly different from the corresponding one in Eq. (2.1.13) in [13] , in terms of the lower limits of the integration and the summation as well as the number in the denominator to the source term S, as a result of using exponential terms with complex arguments versus using cosine terms only.
Based on the similarity between the DC and AC counterparts in Eqs. (2.0.1), one would appreciate that the cylindricalcoordinate solution to AC photon fluence rate in a homogeneous medium of infinite geometry must have a form similar to that of Eq. (2.2.1.DC) as 2. Source and Detector on a Semi-Infinite MediumApplicator Interface For completeness, we consider the cylindrical-coordinate solutions to photon diffusion in a homogeneous medium of semi-infinite geometry as that illustrated in Fig. 1(B) . Between the radial coordinates of the detector ⃗ r and the "real" isotropic source ⃗ r 0 real we have ρ < ρ − R a and ρ > ρ. Between the radial coordinates of the detector ⃗ r and the "image" source ⃗ r 
and accordingly the AC photon fluence rate bỹ
Alternatively, if the semi-infinite geometry is coordinated as the one in Fig. 1 (C), we havē
FD ANALYSIS OF PHOTON DIFFUSION ASSOCIATED WITH "CONCAVE" AND "CONVEX" GEOMETRIES OF INFINITE LONGITUDINAL DIMENSION
A. Concave Geometry The "concave" geometry as shown in Fig. 2 (A) refers to a diffusive medium enclosed by an infinitely long cylindrical medium-applicator interface [13, 14, 16] . Given the radius of the cylinder as R 0 , a detector ⃗ r on the medium-applicator interface locates at R 0 ; φ; z, and a directional source ⃗ r 0 on the medium-applicator interface locates at R 0 ; φ 0 ; z 0 . Based on the symmetry of the concave geometry, the directional source ⃗ r 0 is to be modeled by a "real" isotropic source ⃗ r 0 real located along the radial direction of the physical source and inwardly at a distance of R a 1∕μ 0 s , i.e., at R 0 − R a ; φ 0 ; z 0 . The extrapolated boundary is concentric with and at a radial distance of R b 2AD away from the physical boundary [8, 13] . Apparently as the radius R 0 reaches infinity the photon fluence rate associated with a source-detector pair on the medium-applicator interface of the concave geometry approaches that on the associated semi-infinite interface that is tangential to the concave interface at the source position, for the same sourcedetector distance. This characteristic serves as both the qualitative and quantitative calibers of the analytic solutions derived for the concave geometry.
Considering that Eqs. (2.2.1.DC) and (2.2.1.AC) are identical in their analytical forms except for the notations differentiating "DC" and "AC," the cylindrical-coordinate solutions to FD photon diffusion associated with optodes on the concave medium-applicator interface can be derived by following the approaches to the corresponding CW photon diffusion demonstrated in Part I [13] . The resulted DC photon fluence rate sensed by the detector ⃗ r on the physical boundary of the concave geometry due to the physical source ⃗ r 0 is
which has a slightly different format comparing to Eq. (3.1.5) in Part-I, and its AC counterpart is
B. Convex Geometry
The "convex" geometry as shown in Fig. 2 (B) refers to a diffusive medium enclosing an infinitely long cylindrical medium-applicator interface [13, 14, 16] . Given the radius of the cylinder as R 0 , a detector ⃗ r on the medium-applicator interface locates at R 0 ; φ; z, and a directional source ⃗ r 0 on the medium-applicator interface locates at R 0 ; φ 0 ; z 0 . Based on the symmetry of the convex geometry, the directional source ⃗ r is to be modeled by a "real" isotropic source ⃗ r 0 real located along the radial direction of the physical source and outwardly at a distance of R a 1∕μ 0 s , i.e., at R 0 R a ; φ 0 ; z 0 . The extrapolated boundary is concentric with and at a radial distance of R b 2AD inward from the physical boundary. Apparently as the radius R 0 reaches infinity the photon fluence rate associated with a source-detector pair on the medium-applicator interface of the convex geometry approaches that on the associated semi-infinite geometry interface that is tangential to the convex interface at the source position, for the same source-detector distance. This characteristic serves as both the qualitative and quantitative calibers of the analytic solutions derived for the concave geometry.
Considering again that Eqs. (2.2.1.DC) and (2.2.1.AC) are identical in their analytical forms except for the notations differentiating "DC" and "AC," the cylindrical-coordinate solutions to FD photon diffusion associated with optodes on the convex medium-applicator interface can be derived by following the approaches to the corresponding CW photon diffusion demonstrated in Part I. The resulted DC photon fluence rate sensed by the detector ⃗ r on the physical boundary of the convex geometry due to the physical source ⃗ r 0 is (Color online) Configurations of (A) concave geometry and (B) convex geometry. The physical directional source and detector locate at the probe-tissue interface at R 0 ; φ 0 ; z 0 and R 0 ; φ; z respectively. In concave geometry, the equivalent isotropic source locates inwardly at R 0 − R a ; φ 0 ; z 0 . The image of the source with respect to the associated semi-infinite geometry locates at R 0 R a 2R b ; φ 0 ; z 0 . In convex geometry, the equivalent isotropic source locates outwardly at R 0 R a ; φ 0 ; z 0 . The image of the source with respect to the associated semi-infinite geometry locates at R 0 − R a − 2R b ; φ 0 ; z 0 .
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which has a slightly different format comparing to Eq. (3.2.5) in Part I, and its AC counterpart is
ANALYTICAL PREDICTION OF THE CHARACTERISTICS OF FD PHOTON DIFFUSION VERSUS SOURCE-DETECTOR DISTANCE IN CONCAVE AND CONVEX GEOMETRIES OF LARGE RADIUS
To understand the generalized behavior of the FD photon diffusion versus source-detector distance in concave and convex geometries, we now consider that the radius of the concave or convex geometry is much greater than the source-detector distance that is also in the diffusion regime, i.e., we have assumed that R 0 ≫ d ≫ R a ; R b . By using the spherical coordinate expression of the photon fluence rates given in Eq. (2.1.2), we can rewrite Eq. (3.1.1) for concave geometry (refer to Subsection 3.A.2 in Part I for the analytical means) as
The acute angle formed by ⃗ r − ⃗ r 0 and the azimuthal plane is α as shown in Fig. 2(A) , and
Then based on the approach demonstrated in Part III [16] , the DC and AC photon fluence rates expressed by Eq. (4.1) can be simplified tō
Similarly, we can rewrite Eq. (3.2.1) for convex geometry (refer to Subsection 3.B.2 in Part I) as
Utilizing the acute angle α between ⃗ r − ⃗ r 0 and the azimuthal plane as shown in Fig. 2 (B) and
the DC and AC photon fluence rates expressed by Eq. (4.4) can be simplified tō
Note that Eqs. (4.1)-(4.6) are formulated under the condition of R 0 ≫ d ≫ R a ; R b , and with which we generalize the behavior of FD photon diffusion, in terms of the changes of DC and AC photon fluence rates with respect to the sourcedetector distance d j⃗ r − ⃗ r 0 j, in a homogeneous medium of infinite geometry as well as on the semi-infinite, concave, and convex medium-applicator interfaces bounding a homogeneous medium. The characteristics given in below are derived from the base equations of Eq. (2.1.1) for infinite geometry, Eq. (2.1.4) for semi-infinite geometry, Eq. (4.3) for concave geometry, and Eq. (4.6) for convex geometry. 
A. Change of DC Photon
where d ⊥ d cos α is the projection of d to the azimuthal plane. Along the longitudinal direction, termed case-longi, i.e., cos α 0, we have 
Along the longitudinal direction as in case-longi, i.e., cos α 0, we have
(4.DC.conV.longi) Equation (4.DC.conV.longi) indicates that when the source and detector are positioned only along the longitudinal direction, lnΨ conV d 2 reduces versus d at a rate smaller thank 0 . Along the azimuthal direction as in case-azi, i.e., cos α 1, 
(4.AC.conC.longi) Equation (4.AC.conC.longi) indicates that when the source and detector are positioned only along the longitudinal direction, lnjΨ conC jd 2 reduces versus d at a rate greater thank amp . Along the azimuthal direction as in case-azi, i.e., cos α 1,
It can be demonstrated that the rate of the reduction of lnjΨ conC jd 2 in Eq. (4.AC.conC.azi) versus d is actually smaller thank amp . We also have from Eq. (4.AC.conC) that when the source and detector are positioned along a set of spiral paths defined by the following relationship
(4.AC.conC.spiral) lnjΨ conC jd 2 reduces versus d at a rate ofk amp , i.e., identical to the rate when evaluated along a straight line on a semi-infinite medium-applicator interface. Comparison of Eq. (4.AC.conC.spiral) with Eq. (4.DC.conC.spiral), however, reveals that the spiral paths associated with the amplitude of AC photon fluence rate should differ from that associated with DC photon fluence rate, and the difference should decrease as the modulation frequency decreases.
Source and Detector on a Convex Medium-Applicator Interface with Large Radius
On a convex interface with large radius, we have lnjΨ conV jd 2 reducing versus d as
(4.AC.conV)
(4.AC.conV.longi) Equation (4.AC.conV.longi) indicates that when the source and detector are positioned only along the longitudinal direction, lnjΨ conV jd 2 reduces versus d at a rate smaller thank amp . Along the azimuthal direction as in case-azi, i.e., cos α 1,
It can be demonstrated that the rate of the reduction of lnjΨ conV jd 2 in Eq. (4.AC.conV.azi) versus d is actually greater thank amp . We also have from Eq. (4.AC.conV) that when the source and detector are positioned along a set of spiral paths defined by the following relationship
(4.AC.conV.spiral) lnjΨ conV jd 2 reduces versus d at a rate ofk amp , i.e., identical to the rate when evaluated along a straight line on a semi-infinite medium-applicator interface. Comparison of Eq. (4.AC.conV.spiral) with Eq. (4.DC.conV.spiral) also reveals that the spiral paths associated with the amplitude of AC photon fluence rate should differ from that associated with DC photon fluence rate, and the difference should decrease as the modulation frequency decreases.
C. Change of Modulation Depth of Photon Fluence Rate with Respect to d
We evaluate the modulation depth Mod jΨj∕Ψ, which is the ratio of the amplitude of AC photon fluence rate to the DC photon fluence rate.
Source and Detector in an Infinite Medium Geometry
In an infinite geometry, we have lnMod inf reducing versus d at a rate of k amp −k 0 as
Source and Detector on a Semi-Infinite Medium-Applicator Interface
On a semi-infinite interface, we have lnMod semi reducing versus d at a rate of k amp −k 0 as
Source and Detector on a Concave Medium-Applicator Interface with Large Radius
On a concave interface with large radius, we have lnMod conC reducing versus d as
for both case-longi and case-azi. Sincek amp >k 0 > 0, lnMod conC reduces versus d at a rate smaller than k amp −k 0 , and the higher the modulation frequency is, the bigger the difference becomes with respect to k amp −k 0 . Thus on the concave medium-applicator interface there is not any spiral path inferred for the decay rate of modulation frequency.
Source and Detector on a Convex Medium-Applicator Interface with Large Radius
On a convex interface with large radius, we have lnMod conV reducing versus d as
for both case-longi and case-azi. Sincek amp >k 0 > 0, the lnMod conV reduces versus d at a rate greater than k amp −k 0 , and the higher the modulation frequency is, the bigger the difference becomes with respect to k amp −k 0 . Thus on the convex medium-applicator interface there is not any spiral path inferred for the decay rate of modulation frequency.
D. Change of Phase of AC Photon Fluence Rate with Respect to d 1. Source and Detector in an Infinite Medium Geometry
In an infinite geometry, the phase value j∠Ψ inf j increases versus d at a rate ofk phi as
Source and Detector on a Semi-Infinite Medium-Applicator Interface
On a semi-infinite interface, the phase value j∠Ψ semi j increases versus d as
Source and Detector on a Concave Medium-Applicator Interface with Large Radius
On a concave interface with large radius, the phase value j∠Ψ conC j increases versus d as
for both case-longi and case-azi. From Eq. (4.Phi.conC), j∠Ψ conC j increases versus d at a rate smaller thank phi , and the greater the modulation frequency is, the bigger the difference becomes with respect tok phi . Thus on the concave medium-applicator interface there are no spiral paths inferred for the phase changing rate of the AC photon fluence rate.
Source and Detector on a Convex Medium-Applicator Interface with Large Radius
On a concave interface with large radius, the phase value j∠Ψ conV j increases versus d as
for both case-longi and case-azi. From Eq. (4.Phi.conV), j∠Ψ conV j increases versus d at a rate greater thank phi , and the greater the modulation frequency is, the bigger the difference becomes with respect tok phi . Thus on the convex medium-applicator interface there are no spiral paths inferred for the phase changing rate of the AC photon fluence rate.
The above predictions based on analytical approximations are tabulated in Table 1 . The influence of the shape of the medium-applicator interface on FD photon diffusion when compared with semi-infinite geometry is explicitly shown.
NUMERICAL EVALUATION OF THE CHARACTERISTICS OF FD PHOTON DIFFUSION VERSUS SOURCE-DETECTOR DISTANCE IN CONCAVE AND CONVEX GEOMETRIES OF SMALL RADIUS
The previous section has indicated the general behaviors of FD photon diffusion between a source and a detector aligned azimuthally or longitudinally on a concave or convex medium-applicator interface. Although the predictions are made for concave or convex geometry of very large radius, the qualitative patterns of FD photon diffusion, namely the rate of change of photon fluence versus the source-detector distance in comparison to that along a straight line on a semi-infinite medium-applicator interface, are expected to hold for concave or convex geometry of smaller radius. This section conducts numerical evaluations based on general analytical results given in Eqs. (3.1.1.AC) and (3.2.1.AC), and FEM, to examine the qualitative patterns of FD photon diffusion for concave or convex geometry of smaller radius.
From Subsections. 5.1 to 5.3, two specific cases, namely case-azi and case-longi, in concave or convex geometry are examined. In case-azi the source and detector are azimuthally aligned; thus z z 0 is applied to both Eq. (3.1.1.AC) and Eq. (3.2.1.AC). In case-longi the source and detector are longitudinally aligned; thus φ φ 0 is applied to both Eq. (3.1.1.AC) and Eq. (3.2.1.AC). In either Eq. (3.1.1.AC) or Eq. (3.2.1.AC), the limits of m in the summation and k in the integration are chosen following the criteria adopted in Part I [13] for numerical evaluation of the analytic results for CW photon diffusion. The limits of m and k are evaluated individually for each set of computations conducted in this study. Each plot of the numerical implementation of the analytical results to FD photon diffusion is also accompanied by FEM simulation using a package of near-infrared fluorescence and spectroscopy tomography [18] . For both concave and convex geometries, the FEM meshing volume is a cylinder of 40 cm in height and 10 cm in radial thickness. Denser meshes are placed along the mid azimuth plane on the medium-applicator interface for case-azi, and along the longitudinal direction for case-longi. The meshing volume for the semi-infinite geometry is a 16 cm × 8 cm × 8 cm rectangle, and denser meshes are generated along the straight line whereupon the optodes are placed. In each set of computation for concave, convex, and semi-infinite geometries, the meshing volume is discretized into at least 50,000 tetrahedral elements with more than 10,000 nodes. Unless otherwise specified, the radius of the cylindrical applicator is 10 mm, the optical parameters are μ a 0.0025 mm −1 , μ 0 s 1 mm −1 , A 1.86 [14] , and the modulation frequency is 100 MHz.
Subsection 5.D is used to illustrate the set of spiral paths associated with the amplitude of AC photon fluence rate and the set corresponding to DC photon fluence rate, on both concave and convex medium-applicator interfaces. The profiling of the spiral paths for the amplitude of AC photon fluence rate is methodologically similar to that for DC photon fluence rate, based on a two-step procedure detailed in [15] . Briefly, a coarse rectangular grid with 0.1 mm length is first generated in the interested area along the concave or convex medium-applicator interface, by numerically evaluating Eq. (3.1.1.AC) or Eq. (3.2.1.AC), respectively, for concave or convex medium-applicator interface. The area of interest is determined by comparing the numerical evaluations of Eq. (3.1.1.AC) or Eq. (3.2.1.AC) with the semi-infinite analytic results of Eq. (2.1.AC). In the second step, a denser rectangular grid with 0.04 mm length is interpolated within the coarse grid. For the source located on the origin, the field point has three directions to move on the denser grid in each step: along the azimuthal direction, along the longitudinal direction, and along the diagonal of the previous two directions. For each direction, the difference of the amplitude of AC photon fluence rate originating from the source with respect to that detected along a straight line on a semi-infinite medium-applicator interface is calculated. The direction with the least difference is the direction to move the field point one step, which becomes the starting point for the next step. The trace of the moving field point forms the spiral profile.
Table 1. Summary of the Analytical Expressions Presented in Section 4
Concave Geometry Semi-infinite Geometry
Convex Geometry
Case-longi Case-azi Case-longi Case-azi
Decay rate of DC amplitude
Change rate of modulation depth Figures 3(A) and 3(B) illustrate the changes of AC amplitude of photon fluence rate versus the source-detector distance in both concave and convex geometries. A vertical shift is incurred to the FEM results due to the difference of the source term from the one for numerical evaluation of the analytic results. As illustrated in Fig. 3(A) for concave geometry, the decay rate of AC amplitude is smaller in case-azi while greater in case-longi than that along a straight line on the semi-infinite interface for the same source-detector distance. Conversely for convex geometry, as illustrated in Fig. 3(B) , the decay rate of AC amplitude is greater in case-azi while smaller in caselongi than that along a straight line on the semi-infinite interface for the same source-detector distance. These salient features indicate that a unique set of spiral profiles exists on the medium-applicator interface in both concave and convex geometries, as in the case of CW photon diffusion [15, 16] , along which the decay rate of AC amplitude could be modeled by that along a straight line on a semi-infinite mediumapplicator interface.
It is observed from both Figs. 3(A) and 3(B) that the analytic results and FEM simulations agree well in the diffusion regime, i.e., the source-detector distance is greater than several times of the transport scattering length. However, within the subdiffusion regime, as also observed for DC amplitude in Part II [14] , the two approaches deviate, mainly due to the different implements of the source definition [14] . In the analytic treatments the source is defined as a spatial impulse while in FEM the source is implemented as a spatially Gaussian shaped source. This difference has minimal effects upon photon fluence rate in the diffusion regime while noticeably affecting the photon fluence rate in the sub-diffusion regime. The deviation is also related to the boundary conditions, as in the analytic treatments the extrapolated boundary is assumed while in FEM the Robin-type boundary condition is employed. In Fig. 3(B) , the amplitude of photon fluence rate in convex geometry in case-azi is only plotted for source-detector distance less than 32 mm, as for larger source-detector distance the modified Bessel functions in Eqs. (3.1.1.AC) and (3.2.1.AC) is beyond the smallest or the greatest number that can be accommodated by IEEE standard for floating-point arithmetic [19] .
B. Changes of Modulation Depth versus Source-Detector Distance and Modulation Frequency
The changes of modulation depth at 100 MHz versus sourcedetector distance in concave and convex geometries are shown in Fig. 4(A) . The changes of modulation depth at a fixed source-detector distance d 15 mm versus modulation frequency in concave and convex geometries are depicted in Fig. 4(B) . Figure 4 indicates that the reduction of modulation depth is smaller in concave geometry while greater in convex geometry than that along a straight line on the semiinfinite medium-applicator interface for the same modulation frequency. Therefore no spiral path occurring to DC or the amplitude of AC fluence rate is inferred for the modulation Changes of modulation depth versus modulation frequency in the concave geometry and convex geometry at a source-detector distance of d 15 mm. In both (A) and (B), the reduction of the modulation depth is smaller in both case-azi and case-longi of concave geometry and greater in both caseazi and case-longi of convex geometry than that along a straight line on the semi-infinite interface, for the same source-detector distance. (A) In concave geometry, the decay rate of AC amplitude is smaller in case-azi while greater in case-longi than that along a straight line on the semi-infinite interface. (B) In convex geometry, the decay rate of AC amplitude is greater in case-azi while smaller in case-longi than that along a straight line on the semi-infinite interface.
depth. The modulation depth evaluated along the longitudinal direction, however, is always closer to that along a straight line on the semi-infinite interface than the one evaluated along the azimuthal direction is as follows.
C. Changes of Phase versus Source-Detector Distance and Modulation Frequency
The changes of phase at 100 MHz versus source-detector distance in concave and convex geometries are shown in Fig. 5(A) . The changes of phase at a fixed source-detector distance d 15 mm versus modulation frequency in concave and convex geometries are depicted in Fig. 5(B) . Figure 5 indicates that the phase increases slower in concave geometry while greater in convex geometry than that along a straight line on the semi-infinite medium-applicator interface for the same modulation frequency. Therefore no spiral paths occurring to DC or the amplitude of AC fluence rate is inferred for the phase change of AC photon fluence rate. The phase evaluated along the longitudinal direction, however, is always closer to that along a straight line on the semi-infinite interface than the one evaluated along the azimuthal direction is as follows.
D. Spiral Paths for DC and the Amplitude of AC Photon Fluence Rates
The different spiral paths associated with DC and the amplitude of AC photon fluence rates are illustrated in Fig. 6(A) for concave medium-applicator interface and Fig. 6(B) for convex medium-applicator interface, respectively. The spiral paths are computed for only a specific set of parameters, including a cylinder radius of 10 mm, optical properties of μ a 0.002 mm −1 , μ 0 s 0.5 mm −1 , A 1.86, and a modulation frequency of 100 MHz. It is shown that the spiral paths for are tilted more axially than that for DC photon fluence rate. The difference between these two sets of spiral paths seems to be greater on the convex medium-applicator interface than that on the concave medium-applicator interface.
DISCUSSION
The existence of a phase offset at d 0 mm is easily observed for all the investigated geometries in Fig. 5(A) . This offset can be related directly to the term tan −1 k phi ∕k amp appearing in the phase part of the FD photon fluence, as appearing in Eqs. (2.1.4.AC), (4.3.AC), and (4.6.AC). The existence of this phase offset can also be interpreted through the diffusion process, as a directional physical source is replaced by an isotropic source placed one transport scattering length inwards to the diffuse medium, and the approximation is valid only for source-detector distance greater than 3-5 times of transport scattering length. It is also observed that regardless of the geometry, the phase of photon fluence appears to be nearly linear to the modulation frequency below 200 MHz. As the modulation frequency goes higher beyond 200 MHz, the phase becomes smaller compared to the one projected linearly from sub-200 MHz ranges. These appearances of the phase are in agreement with the simulation [5] and experimental results of earlier studies [20, 21] performed on semi-infinite medium-applicator interface. In both (A) and (B), the spiral paths for the amplitude of AC photon fluence rate tilt more axially than that for DC photon fluence rate. The difference between these two sets of spiral paths is more pronounced on the convex medium-applicator interface. Changes of phase versus modulation frequency in the concave geometry and convex geometry at a sourcedetector distance of d 15 mm. In both (A) and (B), the increase of the phase is smaller in both case-azi and case-longi of concave geometry and greater in both case-azi and case-longi of convex geometry than that along a straight line on the semi-infinite interface, for the same source-detector distance.
The simplified analytic results presented in Section 4 for cylindrical applicators with large radius provide direct analytic representations of the effect of applicator's curvature when compared with semi-infinite geometry. The sets of Eqs. (4.DC.conC) and (4.AC.conC) for concave geometry and Eqs. (4.DC.conV) and (4.AC.conV) for convex geometry show that as R 0 → ∞, the decay rates of both DC and AC amplitude of photon fluence reach those in semi-infinite geometry. The set of Eqs. (4.Mod.conC) and (4.Mod.conV) shows that as R 0 → ∞, the changing rates of the modulation depth versus the source-detector distance in both concave and convex geometries reach those in semi-infinite geometry. A set of Eqs. (4.Phi.conC) and (4.Phi.conV) shows that as R 0 → ∞, the changing rates of the phase of AC photon fluence versus the source-detector distance in both concave and convex geometries reach those in semi-infinite geometry. Since these qualitative features of FD photon diffusion were derived for cylindrical applicators with very large radius, they do not necessarily represent the exact quantitative features of FD photon diffusion for cylindrical applicator with small, such as at centimeter-order, radius. For instance, for cylindrical applicator with small radius, Fig. 4 indicates different rates of modulation-depth change versus the source-detector distance for case-azi and case-longi in both concave and convex geometries, while the rate-difference between case-azi and caselongi certainly would diminish as the radius of the cylindrical applicator becomes increasingly large. Similarly, Fig. 5 indicates different rates of phase change versus the sourcedetector distance for case-azi and case-longi in both concave and convex geometries for cylindrical applicator with small radius, while the rate-difference between case-azi and caselongi certainly would also diminish as the radius of the cylindrical applicator becomes increasingly large. It is worth to note that numerical evaluation of the general analytical results of Eqs. (3.1.1) or (3.2.1)for FD photon diffusion in concave or convex geometry of large radius is arithmetically challenging.
The numerical evaluations of the analytic results presented in Section 5 explicitly visualize perhaps some less appreciated aspects of the photon diffusion in both concave and convex geometries. The decay rate of AC amplitude of photon fluence rate and DC photon fluence [14] with respect to sourcedetector distance could be either greater in case-azi and smaller in case-longi or smaller in case-azi and greater in case-longi than that in the semi-infinite geometry. However, the change of modulation depth and phase with respect to source-detector distance uniquely reflect the applicator curvature when compared with that in the semi-infinite geometry. As indicated in Fig. 4 , the changes of modulation depth with respect to source-detector distance are smaller in concave geometry and larger in convex geometry than that in the semi-infinite geometry, and the changes of phase with respect to source-detector distance show similar opposite trend as indicated in Fig. 5 . As the photon fluence reaching the detector is an ensemble of many trajectories, it seems that the ensemble photon-path length is shorter in concave geometry whereas longer in convex geometry than that in semi-infinite geometry for the same source-detector distance. This also agrees with the observation in Fig. 5 regarding the phase changes of AC photon fluence rate versus the source-detector distance in the concave and convex geometries. Subsequently one may expect that, although the measurement in the convex geometry is subjected to smaller signal-to-noise ratio than in concave geometry (the signal-noise-ratio in a quasi-concave geometry analyzed by the more accurate radiative transfer approach is seen in [22] ) as the modulation depth drops faster, it may render greater phase sensitivity than the measurement in the concave geometry.
The spiral paths, which render the convenience of treating photon fluence rate in either concave or convex geometry as if it is along a straight line on a semi-infinite medium-applicator interface, were proposed and demonstrated for CW photon diffusion [14] [15] . This current study has shown that the spiral paths do exist to the amplitude of AC photon fluence rate; however they do not coincide with those occurring to DC photon fluence rate. Therefore no single spiral path can be found for FD photon diffusion that allows treating both the amplitude of AC and DC photon fluence rate as if they are along a straight line on a semi-infinite medium-applicator interface. On the other hand, when both AC amplitude and DC fluence rate are combined, the resulted modulation depth shows smaller changes in concave geometry and greater changes in convex geometry, when comparing with that evaluated along a straight line on a semi-infinite medium-applicator interface. This singlesided response of the modulation depth to the concave or convex curvature of the geometry, which is similar to that of phase, may support the notation that the DC information is indeed supplementary to the AC information for FD measurement [23] .
CONCLUSIONS
This Part IV of the work studies the FD photon diffusion between a source and a detector on an infinitely long circular cylindrical applicator bounding internally or externally a homogeneous medium. The general analytic results for both concave and convex geometry cases are simplified at large radius to evaluate qualitatively the characteristics of FD photon diffusion, including the AC amplitude, modulation depth, and phase, with respect to source-detector distance and/or modulation frequency. The discoveries, substantiated by numerical evaluations based on analytical results and FEM at smaller centimeter-order radius, are (1) the decay rate of the AC amplitude of photon fluence versus the source-detector distance is greater in case-azi and smaller in case-longi on the concave medium-applicator interface, and conversely smaller in caseazi and greater in case-longi on the convex medium-applicator interface, than that along a straight line on the semi-infinite medium-applicator interface, (2) the reduction of modulation depth versus the source-detector distance is slower on the concave medium-applicator interface and faster on the convex medium-applicator interface than that along a straight line on the semi-infinite medium-applicator interface, and (3) the increase of the phase of AC photon fluence versus the sourcedetector distance is slower on the concave medium-applicator interface and faster on the convex medium-applicator interface than that along a straight line on the semi-infinite medium-applicator interface.
